We investigate frequency comb generation in the presence of polarization effects induced by nonlinear mode coupling in microresonator devices. A set of coupled temporal Lugiato-Lefever equations are derived to model the propagation dynamics, and an in-depth study is made of the modulational instability of their multistable homogeneous steady-state solutions. It is shown that new kinds of instabilities can occur for co-propagating fields that interact through nonlinear cross-phase modulation. These instabilities display properties that differ from their scalar counterpart, and are shown to result in the generation of new types of incoherently coupled frequency comb states.
I. INTRODUCTION
Optical frequency combs are currently attracting significant research interest due to their many application for areas such as spectroscopy, metrology and quantum optics [1, 2] . Especially interesting is the experimental approach based on continuous wave (CW) driven microresonators, that can produce wide bandwidth combs with high repetition rates in a compact device by the resonant enhancement of nonlinear interactions that occur in a small modal volume.
The mechanism for the generation of frequency combs in Kerr microresonators is fundamentally dependent on the instability of the CW intracavity field to periodic modulations. In particular, for resonators that are driven at a single frequency, it is the vacuum noise seeded modulational instability (MI) that is responsible for the initial generation of sidebands that grow around the pump wavelength [3, 4] . As the sidebands grow, they can in turn interact with the pump and each other through cascaded four-wave mixing (FWM) processes to generate new sidebands that bring about the formation of a wide multi-line frequency comb. As a consequence, the type of comb states that can form inside the resonator is highly influenced by the spectral properties of the MI gain, as well as by the dispersion properties of the material. In dissipative cavities the MI exhibits a power threshold because of the need for the growth rate of the instability to exceed the roundtrip loss. For power levels that are close to this threshold, it is generally possible to find stationary and mode-locked comb states such as periodic (Turing) patterns or cavity solitons [5] , that are dissipative extensions of cnoidal waves [6] , and which remain in a stable equilibrium due to saturation of the instability growth rate through the continuous redistribution of energy to distant sidebands.
To gain insight into these processes, it is important to develop an understanding of the comb formation dynamics. For the case when the field propagates in a single mode family, the comb dynamics can, in the mean-field approximation, be modelled by the scalar Lugiato-Lefever equation (LLE) * Corresponding author: tobias.hansson@unibs.it [7, 8] . The LLE has homogeneous CW solutions that have been shown to be unstable to MI with a growth rate that is dependent on a single real and positive eigenvalue. However, in a more general case when, e.g., the nonlinear phase shift is large [9] or the polarization degree of freedom is taken into account, one finds that other types of instabilities also appear. Since these instabilities are associated with different normal modes they can lead to the formation of entirely new types of comb states with respect to the scalar MI. In fact, previous studies of polarization mode coupling in birefringent optical fibers have shown that nonlinear cross-phase modulation (XPM) allows MI to occur in the normal dispersion regime, with the instability being either parallel (scalar MI) [11] or orthogonal (polarization MI) [12] to the pump field polarization. Moreover, it has been found that MI can also develop with a single frequency shifted sideband in each polarization direction [13] . It should be expected that similar instabilities will occur also in polarization mode coupled microresonators, although with properties that are modified by the presence of the cavity boundary conditions. The various interactions of modes with different order or polarization are of primary importance in microresonator devices. Two resonances, that in the absence of mode coupling would be degenerate in frequency, may shift their respective resonances to avoid a mode crossing [10] . This can lead to large modifications of the dispersion around the crossing point that may, e.g., result in a mode family having nominally normal dispersion becoming locally anomalous. Such avoided mode crossings have been identified as the principal mechanism for initiating comb generation in the normal dispersion regime [14] , and are also associated with the formation of soliton crystals [15] . The nonlinear coupling of resonator modes has been studied theoretically as early as 1994 in the context of fiber ring cavities [16] , and has predicted the possibility of polarization MI and symmetry breaking. Recent work on microresonators has also shown the possibility of generating trains of polarization locked vector solitons structures [17, 18] , as well as coexisting multistable soliton states (i.e. super cavity solitons [9] ) having different peak power and width for the same pump parameters [19] . Moreover, experiments have demonstrated the induction of a secondary frequency comb in an orthogonal polarization through XPM [20] . Compound soliton states that are bound due to birefringence have also recently been observed in fiber ring cavities [21] .
Modulational instability in the presence of polarization effects was analyzed in Ref. [16] for the case of an isotropic fiber ring cavity. The cavity was assumed to be excited by a linearly polarized pump field, and a set of mean-field equations with symmetric coefficients was derived for the two counter-rotating circularly polarized modes of the fiber. An MI analysis was performed, and conditions were derived for which the MI could occur with perturbations growing either parallel or orthogonal to the steady-state field. In the present article we are considering a related, yet clearly distinct, physical situation, corresponding to a microresonator device with two orthogonally polarized TE/TM modes that can feature different dispersion characteristics. We consider an arbitrary CW pump field excitation of the two modes, and analyze the MI of the steady-state solutions under the more general conditions that are valid for microresonator frequency comb generation. We begin in Section II, by deriving a coupled pair of mean-field equations for modelling the evolution of the two polarization components. The properties of the homogeneous steady-state solutions of these equations are then analyzed in Section III, where we also discuss conditions for their symmetry breaking. In Section IV, we perform an in-depth MI analysis of the steady-state solutions, and consider the explicit solution of the characteristic eigenvalue equation for two complementary limiting cases. We derive simplified phase-matching conditions that can be used to predict the occurrence of MI, and give examples for which different types of instabilities are observed. In Section V, we present numerical simulation results of frequency comb states that are generated for the different MIs predicted by our analysis. We conclude the paper in Section VI and discuss the possibility of using the polarization degree of freedom for generating frequency combs in the normal dispersion regime.
II. TEMPORAL MEAN-FIELD MODEL
We consider nonlinear coupling of two orthogonally polarized mode families in a microresonator. In particular, we consider TE/TM modes that preserve their state of polarization in the absence of linear coupling through scattering interactions. Differently from Ref. [17] , we make use of a two timescale approach and derive the evolution equations starting from an Ikeda map [16] .
Inside the resonator waveguide, the slowly varying envelope of the electric field with angular carrier frequency ω 0 is taken to have two linearly polarized vector components A j = A j (z, τ) along the principal axes j = x, y, respectively. Assuming the material of the waveguide to be an isotropic Kerr medium, these satisfy the following set of dissipative single pass evolution equations (see, e.g., [22] ) for a given roundtrip m
Here z is the longitudinal coordinate and τ is (fast) time. The dispersion properties are derived from the propagation constant β j (ω) that has expansion coefficients defined by
The amount of linear birefringence is in particular determined by ∆β = β 0,x − β 0,y , while β 1, j and β 2, j are the inverse group-velocity and group-velocity dispersion coefficients, respectively. The nonlinear coefficient γ = k 0 n 2 /A eff gives the strength of the Kerr nonlinearity, under the assumption of equal mode areas, and the damping coefficients α i, j denote the total linear loss per unit length of the waveguide. In addition, the fields satisfy cavity boundary conditions that are given by
These close the system by coupling fields between successive roundtrips and model the injection of the external CW pump field with vector components E in j . The amount of power coupled into the resonator is dependent both on the separate coupling coefficients θ j and the detunings δ j of the pump modes with respect to the pump laser frequency.
In the following, we assume that the fields do not change significantly over the length L of a single roundtrip and perform a mean-field averaging of the map by integrating the field evolution along the resonator circumference. After applying the boundary condition, with the detuning and coupling coefficients taken to be quantities of the first order [23] , we obtain two coupled mean-field equations that generalize the LLE, viz.
where the cross-coupling parameter σ = 2/3 for linearly polarized light, and we have normalized the fields and introduced a slow-time variable t such that
γL. In addition, we have made a transformation to a reference frame that moves with the mean group-velocity and defined β ′ j = β j L with the group-velocity mismatch (GVM)
and the normalized pump field components S j = γLθ j E in j . We have also neglected coherent FWM terms on account that they generally average out to zero due to the difference in effective refractive index between the two modes, whose respective resonances we assume are associated with different mode numbers. The equations are as a consequence incoherently coupled and the modes are unable to exchange power.
The two mean-field equations above constitute the basic model that will be analyzed in the following. To the first order of approximation, they include the effects of group-velocity mismatch, group-velocity dispersion, self-phase modulation (SPM) and cross-phase modulation as well as damping, driving and detuning of the pump laser frequency.
III. HOMOGENEOUS STEADY-STATE SOLUTIONS
An initially empty cavity that is being driven by a pump laser will, in the absence of instabilities, converge to a homogeneous steady-state solution that satisfy the following coupled system of algebraic equations
where we have defined P j = |S j | 2 and I j = |E j | 2 . Considering the polarization components independently, Eqs. (6-7) have the standard form of bistable resonances with nonlinear phase shifts depending on both SPM and XPM.
To better understand the steady-state behaviour, we consider the total field intensity as a function of detuning. Assuming moderate pump power levels and a fixed difference in detuning between the two modes, i.e. δ y = δ x + δ 0 , we find that the total power allows either a single or split resonance shape. In particular, for the degenerate case we have as δ 0 → 0 a single Kerr tilted resonance with bistable behaviour, or in the opposite limit, two isolated split resonances, see Fig. 1 . In an intermediate regime, we also find the possibility of split resonances with a tristable behaviour. Such tristable states have been shown to allow for the generation of a multistable pair of cavity solitons with different amplitudes and widths [19] . As usual, the bistability requires a minimum detuning that can be derived from the condition that dI x /dP x = 0 has real roots for the intracavity power, and that is given by δ x ≥ √ 3α x + σ I y and analogous for the y-component. The power in each component is bound by 0 ≤ I j ≤ P j /α 2 j , and the components attain their individual maxima at the peak of their respective resonances where the detuning compensates for the nonlinear phase shifts.
The coupled steady-state Eqs. (6-7) may admit up to nine different solutions for a given set of parameters. Among these are symmetry breaking solutions [16] . Assuming equal detuning, loss and pump power the system reduces to two symmetrical equations for I x,y . The difference between these satisfy the consistency requirement where the first factor represents the symmetric solution. An asymmetric, symmetry breaking, pair of solutions can also be found by setting the second factor to zero. The bifurcation points for these solutions are given by
, and a condition for their existence is that the detuning must be sufficiently large, δ x ≥ α 4/(1 − σ ) 2 − 1 ≈ 6α. However, with σ = 2/3 these solutions originate on the unstable branch and are generally hard excitations that are unreachable by adiabatic changes to pump power and detuning [24] .
IV. MODULATION INSTABILITY ANALYSIS
To investigate the MI we use an ansatz for the perturbation of the form E i = E 0,i + u i , with u i complex, and linearize Eqs. (4) (5) around the steady-state solution. To simplify the calculations we make the assumption that each mode has a reference phase such that the CW solutions are purely real. The linearized equation for the Fourier transform can then be written as dũ/dt = Aũ, withũ = [ũ x ,ũ * x ,ũ y ,ũ * y ]
T , and with the coefficient matrix given by
where ω is the modulation frequency, and we have defined the two phase-matching conditions
(10) The eigenvalues are found from a fourth-order characteristic polynomial equation, which can be written in a factorized form as
with f x = I 2 x − q 2 x , f y = I 2 y − q 2 y and the XPM coupling parameter given by p = 4σ 2 I x I y (I x − q x )(I y − q y ).
Clearly, it is seen that the eigenvalues decouple and reduce to those of the scalar LLE in the limit of σ → 0. We also note that the analysis can easily be extended to include higher order dispersion terms by suitably redefining the diagonal elements of the coefficient matrix. The explicit solution of the characteristic equation is generally rather complicated. However, an important simplification occurs for the case of equal losses and zero GVM, i.e. α x = α y = α and ∆β ′ 1 → 0. This implies that the free spectral range of the two modes is equal, which can be accomplished by dispersion engineering, as it has been demonstrated in Ref. [20] . The characteristic polynomial is then biquadratic and can easily be solved to give the eigenvalues
We note that the eigenvalues are either real or complex conjugated. Furthermore, they are seen to approach their scalar counterparts for | f x − f y | ≫ p, with a minimum separation for f x = f y . Neglecting the losses, we find that the fulfillment of either of the following three conditions will result in eigenvalues with a positive real part
Within these parametric regions we may thus expect an instability to develop, provided that the growth rate surpasses the absorption loss. The instabilities correspond to different eigenvectors (normal modes), whenever different combinations of eigenvalues are involved in the fulfillment of the conditions. The first instability A 1 occurs preferentially when both phase-matching conditions are satisfied simultaneously, i.e. q x = q y = 0. The second instability A 2 will generally involve the same eigenvalue as the first, but shows two asymptotic branches going off in individual directions specified by the conditions q x = 0 and q y = 0, respectively. Moreover, we find that the third instability A 3 depends on a complex conjugated pair of eigenvalues and has a branch along which q x + q y = 0 as the frequency increases. It can be shown that the A 2 and A 3 inequalities in Eq. (14) are mutually exclusive.
The phase-matching conditions can each be satisfied for either normal or anomalous dispersion. However, similar to the scalar case [4] , for normal dispersion it is necessary that the detuning is sufficiently large to compensate for the nonlinear phase mismatch due to both SPM and XPM. This is in stark contrast to the case of an XPM coupled non-resonant system [11] . Instabilities of the A 2 and A 3 type can occur for the mixed case when the dispersion of one mode family is normal and the other is anomalous. In particular, we see that the phase-matching condition q x + q y = 0 may even become independent of frequency when the two modes have dispersion of equal magnitude but opposite sign. This suggests the possibility of an instability with a bandwidth that is limited only by higher orders of dispersion.
Another complementary reduction that shows the influence of GVM and unequal loss on the MI process can be accomplished by assuming symmetric modes with equal power, detuning and GVD, i.e. I x → I y → I 0 and q x → q y → q 0 . In this case the eigenvalues simplify to
Here we find that an instability may occur for either of
(16) The asymptotic phase-matching conditions are in this case given by q 0 = 0 and q 0 ± (ζ /2) 2 + I 2 0 ≈ q 0 ± ζ /2 = 0. The presence of GVM makes it easy to satisfy the phase-matching conditions also for normal dispersion. As before, the B 2 and B 3 instabilities are mutually exclusive.
To investigate the influence of MI in more detail, we consider some specific parameter conditions. To this end, we first parameterize the CW resonance curve by a continuous variable ξ = ξ (δ x , I x + I y ) that connects neighbouring values. ξ corresponds to the detuning variable (x-axis) in a rotated coordinate frame where the CW solution in Fig. 1 is single valued. This allows us to trace out the full curve by a single modified detuning parameter even in the case that the resonance is multistable. We next consider the MI growth rate along the resonance curve as a function of both ξ and frequency ω. Note that in the regions where ξ maps to a detuning with negative slope the solutions are always unstable to CW perturbations. In Figs. (2-3) we show two examples of the MI growth rate Re[λ ] as predicted by Eq. (13) . It can be seen that different types of instabilities, with separate ranges of unstable frequencies, are obtained depending on where the CW solution lies on the tilted resonance curve. The phase-matching conditions are also seen to be in good agreement with the asymptotic behavior for the variation of the MI gain as the frequency increases. They may consequently be utilized to make simple predictions about the instability conditions. Meanwhile, in Fig. 4 we show another example for the complementary case of instabilities predicted by Eq. (15) . In particular, we consider a case with symmetric parameters for two mode families having normal dispersion. The CW solution is stable in the absence of GVM, but in its presence it is found to become modulationally unstable. Polarization mode coupling in combination with GVM may therefore allow for an alternative method for the generation of frequency combs in resonators characterized by normal dispersion. The phasematching conditions are also here seen to be in good agreement with the asymptotic instability behavior. Note however, that Fig. 4 does not represent a faithful frequency scan of the resonance, since the detuning difference δ 0 will not be constant when the GVM is non-zero.
V. SIMULATIONS OF COMB DYNAMICS
We now show numerical simulation results of frequency comb dynamics for the different types of instabilities predicted by the MI analysis. The simulations are performed by simultaneously solving Eqs.(4-5) using a split-step Fourier method, with the solution of the nonlinear step calculated using a 4th-order variable step-length Runge-Kutta algorithm. The temporal window for the simulations is assumed to have a fixed duration from τ ∈ [−5, 5], which corresponds to a normalized free-spectral-range of 0.1.
In the first case, we consider simulation parameters corresponding to Fig. 2 , with a fixed detuning of ξ = 0.44 (δ x = 2.5). Here we expect an instability of the A 3 type with a pair of complex conjugated eigenvalues having a non-zero imaginary part. Such an instability can be convective [25] , and involves a motion of the temporal pattern with respect to the group velocity at the resonance frequency of the pump. In fact, a translation is seen as the instability develops, however the final state is a group-velocity locked, temporally periodic pattern where the peak pulse intensity alternates between the two polarization components as shown in the bottom panel of where the comb lines oscillate in amplitude, and is not found in the scalar case where the eigenvalues are purely real.
In the second case, we consider an identical CW resonance curve, but with group-velocity dispersion parameters having magnitudes as in Fig. 3 and a detuning of ξ = 0.5 (δ x = 3.3). The instability is now of the A 2 type and involves one real eigenvalue and a symmetric pair of growing modes. Here we observe the formation of a stationary pattern state consisting of a train of bright pulses for the x-component with anomalous dispersion, that are coupled with dark pulses (i.e. intensity dips) for the normally dispersive y-component. The ycomponent would here be stable against MI in the absence of coupling, but the development of modulations in the xcomponent results in a temporal variation of the intensity dependent nonlinear refractive index, which by necessity induces a frequency comb also in the orthogonally polarized y-component through the XPM coupling, c.f. [20] .
In the third case, we consider degenerate pump, detuning and GVM parameters for two modes with normal dispersion as shown in Fig. 4 . To investigate the influence of GVM on the comb generation process, we assume that a temporal walkoff is present with a magnitude of ∆β ′ 1 = 3. The GVM allows an instability of the B 2 type to become phase-matched so that comb generation can occur. We find that the MI development results in the generation of coupled frequency combs and a stationary sinusoidal temporal pattern state with an asymmetric spectrum as shown in Fig. 7 . 
VI. CONCLUSIONS
The modulational instability of the intracavity field in microresonator devices is key to understanding the various nonlinear wave-mixing processes that lead to frequency comb generation. New phenomena are found to occur when the scalar description is generalized to take into account the vector nature of the electromagnetic field through the nonlinear coupling of orthogonal polarization modes. Linear mode interactions may also become important under various circumstances, although their characterization requires a more complicated analysis that is left for future work, c.f. [26] .
Here we have shown that the evolution of the field components in the presence of nonlinear polarization mode coupling can be modelled by two coupled mean-field equations that generalize the Lugiato-Lefever equation. These equations admit a family of homogeneous steady-state solutions that can be characterized by the total power and relative detuning of the two modes. We have performed a stability analysis of these solutions, and demonstrated that the eigenvalues can be calculated explicitly for two complementary cases. The MI analysis reveals, in particular, that different eigenvalues can be responsible for the instability development, depending on the fulfillment of three simple phase-matching conditions. As the eigenvalues correspond to different normal modes, they can allow for the generation of frequency comb states that have no counterpart for the scalar case. Among them are groupvelocity locked vector states which are temporally periodic on both the fast and the slow timescale. An important characteristic of the nonlinear coupling of polarization modes is that it can allow for various alternative means of comb generation in different spectral regimes. The polarization degree of freedom may, e.g., permit MI to develop for normal dispersion, as is known for the case of polarization coupled fields in non-resonant structures such as optical fibers. Here, we have demonstrated such a possibility for the case of symmetric modes with a group-velocity mismatch. However, our analysis indicates that the phase-matching conditions will generally not be satisfied for modes with normal dispersion in the absence of GVM, except within a limited range of intracavity powers, in cases where the respective cavity detunings are sufficiently large.
